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ABSTRACT 


The study of turbulence with spatially homogeneous but anisotropic 
statistical properties has applications in space ^ysios and laboratory 
plasma physios. The first step in the systematic study of such 
fluctuations is the elucidation of the kinematic properties of the relevant 
statistical objects, which are the correlation tensors. We review the 
theory of isotropic tensors, developed by Robertson, Chandrasekhar and 
others, and extend it to cover the general case of turbulence with a 
pseudo-vector preferred direction, without assuming mirror-reflection 
invariance. Attention is focused on two point correlatioi. functions and it 
is shown that the form of the decomposition into proper and pseudo-tensor 
contributions is restricted by the homogeneity requirement. It is also 
shown that the vector and pseudovector preferred direction cases yield 
different results. We present an explicit font of the two point 
correlation tensor which is appropriate for analyzing interplanetary 
magnetic fluctuations. A procedure for determining the magnetic hellcity 
from experimental data is presented . 
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I. INTRODUCTION 

The essential ingredients of a statistical treataent of homogeneous 

turbulence are correlation functions of the components of the relevant 

1 2 

fields, measured at various temporal and spatial separations ' . The 
structure of correlation matrices is the subject of the theory of isotropic 
tensors, developed by Robertson-', Von Kansan and Howarth and Batchelor . 
The input to this theory is the set of symmetries possessed by the system. 
The most conn on assumption is that of complete isotropy, in which the 
turbulent fields are taken to be invariant under rigid rotations and 
coordinate inversion. In recent years interest has developed in systems 
for which neither of these assumptions are necessarily good ones. Closer 
correspondence of theory to the physical situation may be achieved by 
imposing less restrictive assumptions on the statistical framework. 
Particularly in the theory of plasma behavior, it is of interest to study 
turbulence whioh is nearly homogeneous and invariant under rotations about 
a single axis. Turbulent plisma:i often persist in the presence of mean 
magnetic and fluid velocity fields. To the extent that ..ucl) a plasma can 
be described in terms of magnetohydrodynaroics, the mean velocity may be 
removed by a Galilean transformation, but the mean magnetic field and its 
associated preferred direction cannot be so removed^. Plasnas with 
anisotropic statistical properties are found, for exmnple, in inter- 
planetary space and in certain Inboratory devices. Experiments have shown 
that interplanetary magnetic fluctuations exhibit a strongly anisotropic 

energy spectrum which is nearly axlsymmetric about the loca mean field 
7 8 

direction ' . Many of the interesting properties and outstanding problems 

9 

of the Interplanetary magnetic field have been reviewed by llarnes . 

The evolution of a plasmi> in a reversed field pinch confinement device 
(such as the Los Alamos ZT-40 or the Culham Zeta) is charact-erixed by a 
strong mean toroidal magnetic field. Magnetic fluctuations in Zeta have 
been observed to preferentially i^ie in the plane perpendicular to the mean 
fleld^^'^\ Evidently the anal y:. is applied to these anisotropic magnetic 
fluctuations has not made use of the most general form of tire correlation 
tensors, which will be presented in this paper. 
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The assumption of coordinate inversion or mirror-reflection invariance 
of the correlations in a turbulent plasma rules out the possibility of 
non-zero values of several interesting pseudo-scalar mean values. The 

magnetic helicity density, an important quantity in the Taylor relaxation 

12 13 

theory , which has also been conjectured to participate in dual-cascade 

14 

and selective decay processes, is such a pseudo-scaler. The mean value 
of the inner product of electric current density and magnetic field is a 
pseudo-scalar which is related to the time derivative of the magnetic 
helicity. Large values of the pseudo-scalar cross helicity^^ are to be 
expected when field fluctuations are largely "Alfvenic" such as in the 
solar wind . 

The correlations most easily accessible experimentally are the two 
point correlations <Bj^(x)Bj(j^)> where B is the field of interest and x and 
jr are the measurement positions at a single time. The brackets denote 
ensemble averaging, which is taken as equivalent to time averaging^ Often 
B has a stationary non zero mean value which induces a preferred direction 
on the system. The mean value <B> is usually not a statistical quantity, 
and it is convenient to deal directly with the fluctuating part of A 

somewhat surprising result i; that the structure of the two-point 
correlations depends on whether ‘ B> is a proper or pseudo-vector. 

The theory of correlatioi tensors for fields with a preferrea proper 

vector direction has been de' elojjed in detail by Chandrasekhar, with the 
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assumption of inversion invat iance . The simplest case of isotropic 

1 8 

correlations without inversi< n invariance was i>resented by Betchov 

Tensor representations for m gnetohydrodynamic (MHD) correlations in the 

■ 9 

isotropic case were developec by Chandrasekhar and further discussed by 
Frisch et al.^^ Recently Moitgomery and Turner have investigated the 

20 

structure of magnetic correl.itions in terms of their Fourier transforms 

The principal goals of Miis paper are to present the complete structure 
of two point magnetic correlations for axisymmi trie MHD, and to discuss how 
scirur physically interesting quantities may be extracted from this model. 

We begin in ; ection II by pri senting some genet al developments which are 
applicable te two point corr' lations of soleno dal vector fields in 
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situations in which no synnetry except homogeneity is assumed. In 

particular it is shown that for the usual sorts of correlation tensors a 

simple theorem can be derived vriiioh Immediately restricts the form of the 

21 

tensors to about half of the general set described by Batchelor . In 
section III the theory of isotropic tensors is reviewed. In section IV the 
form of tvK> point correlations with a single psenido-vector preferred 
direction is presented . In section V the form of the correlation tensor is 
given for the proper vector preferred direction case. Section VI briefly 
introduces the Fourier space version of the above results. Particular 
attention is addressed to comparison of the present results with those of 
Montgomery and Turner. We emphasize discussion of the pseudo-tensor 
correlation and associated measures of helicity which play an Important 
role in the HHD description of a turbulent plasma. The results are 
suranarized in section VII. The Appendix outlines a procedure for 
calculating the magnetic helicity in an axisymmetric plasma from 
experimental data. 

II. PROPERTIES OF THE CORRELATION MATRIX 


The basic quantity under consideration is the matrix of correlations 
between two spatially separated components of a solenoid al vector field 
B(x, t) . We consider only tie homogeneous case, tdiere the statistical 
properties are invariant und ;r bulk translation of the measurement 
apparatus. In that situatio i the correlation matrix, R depends only on the 
vector separation of the two measiurement pointr. . We define, 

Rij(r) = <B^(x Bj(x+r)> (1) 

where the time dependence ha 5 be<*n suppressed and R^^j is explicitly 
independent of x. Homogeneity implies the additional property: 


R. (r) 
ij - 




(2) 


which follows by letting x x-r in (1). The aolenoldal nature of B 
. requires that 
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i- * 


a 


«i j \ I / _ R j X ) 


0 . 


(3) 


Here, and subsequently, repeated tensor indices Inply suRMsation over all 
coordinate directions, unless specified otherwise. 


A useful property of the natrix elements is 

l^'ij implied) (4) 

which follows from a Schwarz inequality, treating the ij-th element of R as 
the inner product of Bj^(x) and Bj(x+r). The above properties are discussed 
in detail in reference 1. 


In the most general case the matrix R must transform under coordinate 
rotations in a way which reflects its tensor character^’ R is 
basically a time averaged dyadic product of two vectors (or perhaps 
pseudo-vectors), so contributions to R must transform as proper on 
pseudo-tensors. The homogeneity property allows certain conclusions to be 
drawn concerning the decanposition of Rij(H). Coordinate inversion will be 
designated by i and taken in the usual sense to be that impi'oper rotation 
for which 


J| r = - r (5) 

where r is the position vector. Under inversicn coordinate basis vectors 
are mapped into their opposites and a right-harded system becomes 
left-handed. A proper tensor T of rank n tran: forms as 

J T = (-1 )" T 

whereas an nth rank paeudo-tensor P satisfies 


Jl P = (-d"*’ 


p. 


Now th« correlation natrix oan always ba daooaipoaad into syMotrio and 
anti-syaaiatrlo parts: 

Rlj(r) « rJj(e) ♦ Rij<E> 

wars « Rjj^ and R*j * - R*^ *. Lattingjl oparata on RjjCr) and using 
tha hoBOganaity property (2) yields 

4 Rij^E^ * definition of inversion) 

Q 

» Rj^(-fr) (by homogeneity) 

s s 

3 Rj^j(-<-e) (since R is syaaetric) , 

5 A 
shewing that R^j la a synnatric proper tensor form. Similarly R^j^E^ ‘ ~ 

R*j(r) and R^j is an antisymmetric pseudo-tensor. The argment is 

invertible. A proper tensor part of the correlation can be shown to be 

symmetric and a pseudo-tensor part shown to be antisysmietrio. Thus, any 

homogeneous correlation matrix R of the form (1) consists of the sun of a 

symmetric proper tensor and an antisymmetric pseudo-tensor . This result, 

which will be subsequently referred to as theorem A, follows for either 

proper or pseudo- vector field B> 


In addition to excluding symmetric pseudo-tensors and antisymmetric 
proper tensors from consideration as possible components of R, the above 
result suggests several 

’’ij * *^ji’ '’ij * "’’ji*'® 
easy to show: 


corollaries. Let Rjj^E^ * where 

T 3 -t-T andjp = -P. Several useful properties are 


a) The proper tensor part of R is an even function of r, i.e, 




while the pseudo-tensor is odd. 
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If one writes down a power series for supposed to be valid 

for sene ri^ion near r « o, the above property c*iows that the even 
order terms are part of T^j and the odd order terns part of P^j. If 
the synaetries of the aysten allow dependence on |r| s r, then 
analytioity requires that such terns only appear in even powers. If 
dependence is allowed on a projection of r on a preferred direction 
X, then this property determines the parity of the power series 
dependence on r*X. 

b) The solenoldal property of R (equation (3)) implies that P and T are 
separately solenoldal, i.e., 




= 0 


3r, 






= 0 


ar. 




= 0 


In the application of the theory of isotropic tensors this property 
serves to reduce the number of independent scalar functions which 
multiply tensor forms. 


c) The diagonal elements of H are purely proper tensor and all 
pseudo-tensor contrib itions vanish as r ♦ 0. Thus, 


Rii<r) = Tj^j(r) (no sun). 


R 


ij 


:o) 



(0) 


and, from the Schwarz inequality we have 
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Tii(O) > T^|(£> (no wm), 

d) TIm S^rars inoqunllty. (4), uIms on tho slithtly aoro rootriotivo 
fora: 

«di«ro tho bws donoU irt)ooluto valut and no ma it li^iad. In 
oaaaa nliara thara la a larga 'haliolty* thla fora may baooaa 
ralavant. 

Thaaa propartlaa as Mail as thaoraa A ara usaful foratdaa fM* 
oonstruotinc aialaal tanaor raprasantations for hoMganaoua systaaa Mith 
arbitrary aynaatrias. It should ba notad that in ralatad eiroiastanoas 
siallar rasults oan ba shoun. For axaapla. Tha oorralation of § nIUi J i 
fxB oan ba traatad by oonsidarina tha tansors 

<B(i)J(K+r) ± J(x)B(f«r)>. 

In aaoh oasa thara Is a hoaoganaity proparty uhieh along MiUi tha 
transforaatlon propartlaa of g and J, lapllas a thaoraa uhloh allalnataa 
oartaln tanaor foms froa adalssiblllty. 

III. THE IHEOiT OF ISOTBOPIC TEB80RS 

Kara ua brlafly ravlau tha tliaory of tha oonstruotlon of oorralation 
tansors, dua to Bobartaon and otlMrs^'^*^'^^*^^. Ua fooua on tMO point 
oorralation tansors, but tha ganarallsatlon to arbitrary rank Is 
stralghtforuard . 

Consldar a oorralation j whluh Is asauaad to possasa an Invarlanoa 
proparty ulth raspaot to an orthogonal synaatry transfoniatlon uhloh has a 
(aatrli) raprasantatlon 0^ (Ham tlan adjoint of 0) and naps a vaotor £ 
Into r* so that r* > oV. Ua dat'lna a aoalar F as, 

F • F(a,b,r) « a**(r)*b 


to 


and raqulrt that 


F(a'.b'.r') ■ r(|,b,r) (6) 

tihtra tha prl»as danoU aotlMt of Um trmafomation O'** and a and b ara 
arbitrary vaotora. Equation (6) la Juat tha ra^irtaant that tha 
oorralatlcm aaaaurad batuaan tha a and b dlraotion uith aaparation r ba 
Invariant whan a, ^ and r ara all rigidly trmafoniod undar O'*'. A alapla 
manipulation ahowa that tha raqulraaiant on tha atruotura of R(r) la that It 
satiay tha matrix aquation 


R(r) « 0g(0V)0'^ 


(7) 


Robertson’’ has ^own that this raquirammt la satiaflad If R oonaists of a 
sum of all possible dyadic products of tha vaotors fisndasicntal to tha 
problem and tha fundamental invariants 6^^ and each multiplied by a 

scalar fwiction of the invariant scalars allowed by 0* > Thus in the case 
of one preferred direction (x, say) 0'*’ is an arbltr«*y rotation about tha x 
direction and the scalar fiaictions may depend on r*r md r*X. 


The results of the previous section further restrict tha candidates. 
Each tensor form (dyadic prcouots and eombinatior.a including and 
may be symmetrized and antisysnetrized. If X is a proper vector there are 
no intrinsically pseudo-scaler quantities in the problesi, each scalar 
function is a proper scalar, and the transformation properties of each form 
depends only on tha "part with indices*. 


If the preferred direction it, a pseudo-vector 6, such as a mean 
magnetic field, then z s r*6 is pseudo-acalar and there is the possibility 
of forming a proper syvetric tensor by taking the product of a symmetric 
pseudo-tensor form with a psoudo-aoalar function of z. Thera is no 
guarantee that such correlat ons exist in physical situations, but there is 
nothing in the mathematics t" rule them out. 
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XV. TVO POINT CORRELATION WITH A MEAN HAQNETXC FIELD 

H«r« «w oonsldtr tht oorr«litlons of tho fluotuatinf port of t pooudo 
vootor fiold §* I <S*> * g< 2 .t). Wo aoouoo that tha only prafarrad 
diraotlon la 


. <r> 

b ■ 

!<§•>! 

whloh la a paaudo-vaotor. Tha fluctuating part haa taro aaan ao <B> ■ 0. 
Thia situation is fwobably tha one nost rolavant to intarplanatary nagnatio 
fluctuations viawad in a frana Moving with tha plaana. Tha oorralation of 
intarast is ■ <B^(x) Bj(x^r)> whioh as abova, ia taken to ba 

indapandant of x. This oorralstion tansor contains fluctuations of tha 
Sana field as tha one responsible for producing the preferred direction, 
but tha results (Stained hold for correlations with a pseudo-vector 
axisynnatry direction of any origin. 


Keeping in nind tha results of sections II and III we nay catalogue tha 
tansor forms allowed in tha construction of R. First we consider proper 
tensors. There are four independent symnetric proper tensors whioh nay 
appear Multiplied by scalar functions. They are 




( 8 ) 


and 

'‘i'jki Vi ’■j'lki Vi* 

Note that the last of these is a proper tensor since S » r is a proper 
vector. There are two Independent synnetric paeudo-tensor foms whioh nay 
be taken to be 




( 9 ) 


and 
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Th«M two form art adaiaslbla providad thay art aaoh aultipliad by 
pa#wdo>soalar funotion, whioh la poaaibla ainot a la a paaudo>aoalar . 


Turning to tha paaudo-tanaor oontributiona , wa aaa that thara are a 
total of three independent poaaibilitiea; two antiaya«etric paeudo-tenaora 
and one antiayaaetrio tenaor tdiioh auat be multiplied by paeudo-aoalar 
functiona. The antiaywBetric paeudo-tenaora are the foraa 


'ij/k 

The only independent antiaynnetric proper tenaor fora ia 


( 10 ) 




( 11 ) 


Other foraa auch aa bi«j,cA'V^j‘iktVt **i‘ JklV*-'‘j'ikiVi 

not independent due to certain identitiea . Each of theae contributec to 

the paeudo- tenaor part of R when aultiplied by a function which ia odd in 

a. 


Aaaeabling the teraa fror (8)-(11) and applying the aolenoidal 
condition, we arrive at the i epr<faentation for 

J 


jj(r) . Tjjlr *Pj ,(r) 

(12a) 




♦ Db^bj (12b) 


P 


ij 


(r) 


" ^^'■i'.kiVi*^/iktVi 


" ‘'^^'.kiVi*‘’j‘ikiVa 


■ °Sjk' k*‘^'ijk‘’k 


) 

) 


(12c) 
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Here A. B, D, E and G are funetiona of even powers of r and z. C, F and K 
are odd funetions of z and contain even powers of r. Note that the foni 
b^rj-bjri has disappeared entirely due to the solenoidal property. Clearly 
not all of the above functions are independo.^t . The solenoidal condition 
gives one constraint between G and K, one between E and F and two 
constraints among A, B, C and D. These equations yield sets of partial 
differential equations relating the scalar functions to each other. 
Equivalently these constraints may be solved in principle by relating them 
to four "basic" functions. The problem of presenting the solution of these 
equations in a form %diich is both compact and experimentally meaningful 
will be discussed in a later section. For now, we note that the equation 
connecting the scalars in the pseudo-tensor does take a simple form. Using 
a subscript to denote explicit differentiation, so that 

_i_ G (r.z) = G^ G,b. 

3rj 

We find that the solenoidal property implies 



and thus 


G = *^(r,z)/r 
K = a^(r,z) 

where * is a function which contains even powers of r and z in its Taylor 
series. 

Several important physical quantities can be extracted from equation 
12, 12a and 12b. In the appropriate units, the energy density of the field 
B is Just 


<B*(x)> = Trace R(0). 

— S 


= 3 A(0,0)+D(0,0) . 
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Note that throughout thla paper regularity of the aoalars at r^O la 
assumed. Evidently A(0,0) is the isotropic ooroponent of the energy while B 
(0,0) represents the influence of the preferred direction 6 on the 
distribution of energy in the fluctuations. In the case t^ere almost all 
of the energy is In fluctuations perpendicular to 8, D(0,0)*-A(0,0) 
achieves the necessary projection, while in the isotropic limit D(0,0)-»0. 
Other aspects of these limiting cases will be discussed in later sections. 
The "helioity" Hj of the field B is the pseudo-scalar correlation of, say, 
the magnetic field with the electric current J « vxB. A simple calculation 
shows 


Hj e <B‘V*B> 

= - b G(0,0) - 2 Kj.(0,0) 

Thus, in the case of magnetohydrodynamic configurations which are nearly 
•'force free" (i.e., J * B ' () and J ~ i B) one would expect G(0,0) to take 
on large values subject to the limitation 

H, < <B-> <J*> 

J *• 

N 

or, -6 G(0,0^ - 2 K^(0,0) < ,3 A, 0,0) ♦ D(0,0)) <J»>. 

Wr shall return io d i scu;;sioii of the pseudo-vector preferred direction 
case in section VI. In the following we briefly discuss the "mean flow" 
case, wherein the prt ferred direction transforms under inversion ns a 
proper vector. 

V. TWO lOlNT COKFFUTION WITH A MEAN FLOW D1RE:TI0N 

V 'n a proper vector i ( J) i = -M induces a preferred direction on a 

turbulent system; tin general form of the correlation R is simplified. 

Chandrasekfiar has given an elegant presentation of the inve sion symmetric 
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part of R for this cise. The notable difference between he result of 
the last section and the present case is the absence of the tensor forms 
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■■I'JM ‘k'‘. * •"* ‘I'jkiV, ♦ ‘j'lklVl- ">•« “» 

•pp«ar beoausa rxX la now a paaudo-vaotor and nx la a proptr aoalar. Tha 


tanaor now haa tha fora 


♦ Pij<E> 


( 13 ) 


Tjj(r, .) . »«,j * BTjFj ♦ CU^rj . ♦ Ox^kj 




whara z > r*X. 

Tha dependanoa of the aoalar functlona on z muat again aatlafy tha 
propartlaa dlaouaaad In aaetlon II. A aunnary of thaaa propartlaa and 
thoae of aaetlon IV may be found in Table I. 

VI. FOURIER TRANSFORM OF THE CORREUTION TENSOR AND FORMAL SIMPLICATICW OF 
R 

The Fourier tranaform of the two point correlation^ . alao known aa the 
energy apeotrm tanaor ia defined aa 

S. .(k) s — — / dr R^^(r) e’^-*- (14) 

" (2i)* " “ 

For our purpoaea the importarit propertiea of | are reality ^Sj^j(r) * 
Sjj*(-k)) homogeneity (Sjj(k) * hemltlclty (S^^jCk) » 

Sji*(k)). Since theorem A appliea equally well in k apace, it followa that 
tha real part of S, which ia a aynaetric matrix and even under k-»-k can 
contribute only to the proper teiiaor part of S« ImS ia antiaymmetric, odd 
under k-»-k and ia a paeudo-tonaor. With theae propertiea in mind, the 
application of the aame arguient:i leading to equationa (12) and ( 13 ) yielda 
the general form of S (for the c.iae of a preferred paeudo-vector direction 
6 ) 
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Sjj(k) . . Skjkj . «<bjkj » bjkj) 

* S“j * ^“'I'jkiVi * "j ‘ikW 


* '^"'l*Jk>'’k''i ♦ V‘k»Vt> 




(15) 


The adenoidal condition k^Sj^j(k) = kj S^^jCk) = 0 has been implicity 
used in this equation, yielding algebraic constraints among the scalars 
which appear. These constraints have eliminated terms proportional to 
*ijk*^k '"i^j “ '"j^i* functions t through 6 depend on |k| s k and k^ 

= k* 6 . Only C and F are odd under k^ ♦ -k^. Again, if the preferred 
direction were a proper vector we have t = f - 0. 


In order to solve the constraints implicit in equation (14), we make 

use of the form for S. ,(k) introduced by Montgomery and Turner, which 

^ ~ 20 

includes the solenoidal property at the onset . Defining = R, Sg = k x 
6 /|k X 6 1 and * ^ 3 * ''•ost general form of S(k) is 


S(k) = z 

“ a, 6 = * 


A § g 
aB a (! 


(16) 


,23 


The four 


which automatically satisfien the property ^ Jj^iJ " s a 

Independent scalar functions are A^,j, A and A where = A ^i A ; 

all are functions of k and k *6 = k^^. The scalar functions in (14) may be 

evaluated in terms of the A , by use of various vector identities. The 

al5 

results are: 


i -- A. 


6 = 


22 

-1 /k%2 - 


k« 

k 


k» - k 


) 


! k^v ■■ 
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t . 


k* - k^* 


t « - 


^*11 “ ^ 22 ^ 


A» 


(17) 


k (k* - k,*) 

m 


“ A» 


k* - k,* 
z 


e . iA« 

k 

Conslstsnt with the disoussion of Montgoaery and Turner, we note that 
when A22 *>><1 s Re A^2 * •Quatlon (14) becomes 


S^j(k) 


(6 

k* 


A*(k) 


A22(k) 


♦ i 


*ljk“t 


which is the faaiiliar isotropic result if A22 ^nd A^ depend only on|k\^^. 

From the above discussion one can easily deduce that A^ ^ • A22 and 
Im A^2 ■I'a aven in k^, while ReA^2 la odd. Furthermore since @2 la a 
pseudo-tensor dyadic but contributes symmetrically through Re A.j2t we must 
have Re A^2 ^ 0 for the case where B ^ (a proper vector direction). As 
expected this would insure £ * f * 0 in (14). 


The decomposition of S due to Montgomery and Turner sugi;ests several 
ways of expressing R in explicit terms of four functions, liquations (15) 
and (17) may be used in the inverse of (14) to show that 

V=> 

. 1_ - ll ,«) 

»r^ arj at* 



1_ . K J-\i- 

■' »rj.i 
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. . „2 2„{2) 

♦ bj^bj V V Q 


(18) 


( . as . aa\a 

iT^IFjal 

irj 


.(3) 


- b„ _ ♦ bj£^^^ b. 


,2q(3) 


* c 


ijk 


8r, 


Equation (18) may be further reduced by expanding the derivatives, but the 

result is unwieldy. The four independent functions and 

(3) 

* are functions of r and z, Q being the only one which is odd in z. 
Isotropy is achieved when * o and -» o and t and depend only 


on r. Mirror reflection invariance is recovered when ♦ ♦ 0. The 
fluctuations concentrate in the plane perpendicular to 6 when v*Q 

0 . 


(2) 


^ and Q 

z 


An alternative formulation of the real space correlation L may be 


written in terms of four scalar functions W 


«ij < 


(1) o(2) 


and ♦: 


r) = /L « W^’^r.z) 

I 31 A I 3£ / J 

ik'ik'^Uk 


(19) 


,(3) 


(t ,z) 


+ c 


ijk 


•(r, z) . 


3r, 


This is the most compact forii we have found for expressing the 

structure of R in terms of four 'unctions. The solution of '-he constraints 

implicit in equations (12a) md 12b) may be found by expanding the 

derivatives in equation (19) but again the form is c umber Sf^-cie. Various 

formulae connecting the W fui ctions with the Q's in (18) anu the Fourier 

transforms of the A , may be easily derived. In the isotropic limit * 

ap 
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2 (2) (3) 

V H , ♦ ♦ 0, W ♦ 0. Hirror reflection synmetry Inplies f « 0. The 

* (1 ) 
two dimensional limit (fluctuations fi) Is approached idien only U Is 

/ 4 t 

non-sero and * « 0. 

Of particular Interest in equation (19) Is the function • which 

generates all pseudo-tensor correlations. Comparison with the discussion 

following equation 12b shows that the pseudo-tensors Involving * In (18) 

and (19) are equivalent to (r^^ ^ *ijk which i» guaranteed to 

be solenoldal when G = e^/r and K s # . It can be shown that 

r z 

. T f *12^-^ lk»r 
• (r,z) s Im / dk e — 

k 

and from equation (32) of Hor.tgonery and Turner it follows that 


2e(0,0) a "Magnetic Hellcity Density" = 
a <A*B> 


( 20 ) 


vdiere B a v x A. Also, recalling the discussion of section IV we have 
Hj a "hellcity density" = <B»vxB> 


a r“0 (- 2« - /r - 2# ) 

▼rr ^r ^zz 

a -6G(0,0) - 2 K^:0,0) 


( 21 ) 


Equation (20) Is perhaps the most significant result of this paper and 
can be derived by the following procedure: R may be expressed as the 

Inverse transform of § and may b<} uncurled In Fourier space, yielding the ‘ 
syimetrlc part of the correlatloi <B A>.Here A Is the magnetic vector 
potential sa .Isfying 

_2 

V*A a 0. Th'! Fourier transform of <B A> Is defined to be H^j(k) a ik 
cjrs^r^is satisfies <A*B> = / dk H(k) where H(k) s H^j(k). Then it 

follows that the k-space pseudo- censor (equation 15) may be written 


20 


= - ‘ijl 


h:k) k 


A 


It is easy to verify that f, the generator of the real spac< pseudo-tensor 
satisfies 


#(r, 2 ) = -i / ck e^“ - fi(k) 

= - / dt H(k) 

2 " 

which yields equation (20) idien 'Evaluated at r = 0. 

Tht conclusion, then is that knowledge of the real space pseudo-t ?nsor 
correlation near the origin can be used to extract the helieity of th? 
field B, while knowledge of « at the origin is necessary to find In 

this formulation, there is nc decomposition of magnetic helcity into 
isotropic and anisotropic cortributions, but the helicity density Hj nas an 
isotropic contribution G(0,0) and an anisotropic contribution K^(0,0). 

VII. SUJ5MARY AND DISCUSSION 

In this paper we have excmini.-d the structure of homogen< ous correlation 
tensors with an emphasis on the conclusions which nay be dr. wn concerning 
axisymmetric magnetohydrodynj mic fluctuations in the presence of a mean 
magnetic fie'd. The formal tesuits of section II are helpful in the 
construction of the appropriite tensors wi ;h any assimed synmetry. Ii 
section III we reviewed the technique for constructing "iso ropic ten Jors" 
and presented the axisymmetric results in sections IV and V When th • 
fluctuations have a pseudo-v< ctoi axisynme ry direction (me; n magnetic 
field), four scalar function: arc required to determine Rt 1 ut when tie 
axisynmetry direction is a "| roper" vector (mean flow direc' ion) only three 
such functions exist. In ea< h c.ise the ps udo-tensor part ( f the 
correlation is antisymmetric in ts spatia indices, odd un< er r -r and 
is completely determined by < ne scalar funition. The relat vely simp e 
structure of the pseudo-tens< r correlation is used in Appen ix A to g ve a 
prescription for measurement of he magnetic helicity. It s imports it to 
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not# that we have calculated the magnetic heliclty of the fluctuatlona . If 
inhoBogeneitlea were ireaent, there would be an additional contribution 
idiioh may be thought of aa the magnetic helicity of the mean field. In 
aeotim VI we oonaidered S, the Fourier tranaforo of R and ahowed ita 

■ a 

equivalence to the fora deduced by Montgomery aiKl Turner. The Fourier 

repreaentction waa uaed to derive explicitly adenoidal veraiona of R 

17 * 

containing derivativea up to fourth order. Chandraaekhar haa aolved the 
aolenoidal conatrainta for the proper tenaor part of the correlation (for 
the mean flow direction caae) in terma of derivativea up to aecond order on 
two funotlona. Conplioationa arise idien applying hia technique to the more 
general caae treated here, but we believe that it may be possible to 
develop a representation, similar to (16/, ';nd (19) containing only second 
derivatives of four scalar functions. 

The tensor structures presented here have obvious application in the 

further development of the kinematic theory of axisynmetric turbulence. 

Each of the four functions discussed in sections IV and VI implicitly 

contain microscales and correlation lengths which characterize certain 

moments of the energy spectrum tensor. Another application lies in the 

calculation of transport coefficients. For example, use of the form of R 

we have presented may impact calculations of the scattering of cosmic rays 

24 25 

induced by Interplanetary magnetic fluctuations . Hasselman has studied 
this problem using axisymmetric correlations which are not as general as 
those presented here. 

At this point in time any cleim of the existence of a imiversal 

equilibrium range for magnetohydrodynamic turbulence must be viewed as 
26 

conjectural . However, one may envision the intriguing possibility that 
the four scalar functions characterizing axisynnetric HHD may possess 
universal limiting behavior at large magnetic Reynolds nuaber. 
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APPENDIX A: Evaluetion of th« Hagnotio Halioity 


H«r« wa davtlop a aiapla prooadura for oaloulatlng tha magnatle 
halicity, <A*B> from axparlatntal knoMladga of tha two-point aagnatlo 
oorralation Wa aaauaa that to good approxlaatlon tha atatiatios 

ara hoowganaoua, axiaymatrio about 6 and tiaa-atatlonary. Tha two-point 
oorralation la glvm for valuaa of r « 9S idiara 9 la a tlna indapandant 
wilt vaotor and S la a paraaatar. In aaotlon VI wa found that <A*B> ■ 

2 a(r 4 0). If a la alngla valuad and aufflciantly wall bahavad. It may ba 
avaluatad at r « 0 by 


0 

a(0) * / va-<)dS ♦ a(VR) (22) 

R 

If f(^R) « 0 rapidly aa R bacooas large, the second term in (22) may ba 
dropped and tha lower limit replaced by *. This will introduce little 
error if tha relevant oorralation lengths ara small compared with both tha 
range of available aaasuramants and tha lengths characterizing departure 
from tha symmetries wa have assumed. 

Consider a unit vector c in tha direction of 6 »r « a 6»0, and an angle 
^ which satisfies cos a * Bkp s r slna c. From equation (12c) and 

the discussion following equation (19) we nay deduce that 

sin a * 6*P*8 

and a sin a * 

z ^ « 

A 

where | is the pseudo- tensrr fart of B* Using 7#»V = Sp ♦ cos aa^ the 
magnetic helicity nay be evaluated as 

<A*B> s I [S'E*v cos a - c«B*b] dS (23) 

sina 0 


This form may b« useful for oaloulating <A*B> in laboratory plaaaias from a 
sarias of single time two-point maasurwaanta , making use of ■ 1/2 
-R„). 

A slightly different apiwoaoh is appropriate to extract the magnetic 
helioity from interplanetary mMnetio data which, at this time are limited 
to time series of single point field measurements. First we extend our 
definition of R to include two-time measurements , so 

Rlj(r,T) * <Bj^(x,t) BjCx^r, t+T)> 

vdiert the new argument represents time. Then, we adopt the "frozen flux" 
approximation. 


Rij(0,t) * Rj^jC- uvT.O) 

where uv is the solar wind streaming velocity. This approximation is 
expected to be valid when the streaming speed u is much greater than the 
local Alfven speed, the magnetic Reynolds number is very large and the 
correlation lengths are small compared with the scales of spatial variation 
of uv and b. Since the pseudo-tensor is equivalent to 1/2 (R^^(r.t) - 
*ij rearrange (23) using the frozen flux property resulting 

in 

<A»B> a ^ ~ f (c-g*b - cos* c*Bw) dT (2U) 

2sinv 0 Q 

where R is evaluated at r x 0 but with temporal argument t. 

Hany data sets may disallow use of the above prescriptions (23) and 
( 24 ) by virtue of strong inhemogeneities. The question of whether useful 
numbers can be obtained from other candidates remains to be decided by a 
posteriori consistency tests. Only simple modifications of i. 3 ) and ( 24 ) 
are necessary to accommodate data with spatial separations parallel to the 
mean field. 
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TABLE I 


Sumary of Properties of the Scalars in the Tensor 


"ij = « « B '-l'-;! - * Bjri) 

* D b^bj » ECrjej^.bi^r^ ♦ rj.j^,b^r,) 

* * b|Cj^,b^r,) 

* B 'ij/k * " 'ijuBk 


Function 

Pseudo-vector 6 
(pseudo-scalar 6*r) 

Proper Vector 

(6 - X) 

Dependence on 
Basic Functions 

A 

Even in z 

Even 

Q), Qg 

B 

Even 

Even 

Q^. Q2 

C» 

Odd in z 

Odd 

Ql. Q2 

D 

Even 

Even 

Qr ^2 

E 

Even 

Docs not appear 


F 

Odd 

Docs not appear 


G 

Even 

Even 

« 


Odd 

Odd 

• 


Notes to Table I 

The asterisk (•) signifies that the tersor character of tba form n.ultiplying 
the function changes when 6 •*• X . 

Even and odd refer to the powers of z in the series representing the function. 

The dependence on basic functions colunn li.its symbolically vdiich of the 
underlying functions determines each form. Only forms depending on the same 
basic function are 'mixed' in the Fourier transformed representation (see 
section VI). 


